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Abstract: Warped conformal field theory (WCFT) is a two dimensional quantum field
theory whose local symmetry algebra consists of a Virasoro algebra and a U(1) Kac-Moody
algebra. In this paper, we study correlation functions for primary operators in WCFT.
Similar to conformal symmetry, warped conformal symmetry is very constraining. The
form of the two and three point functions are determined by the global warped conformal
symmetry while the four point functions can be determined up to an arbitrary function of
the cross ratio. The warped conformal bootstrap equation are constructed by formulating
the notion of crossing symmetry. In the large central charge limit, four point functions
can be decomposed into global warped conformal blocks, which can be solved exactly.
Furthermore, we revisit the scattering problem in warped AdS spacetime (WAdS), and give
a prescription on how to match the bulk result to a WCFT retarded Green’s function. Our
result is consistent with the conjectured holographic dualities between WCFT and WAdS.
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1 Introduction
Symmetry plays an essential role in quantum field theories. In conformal field theories,
conformal symmetry is so constraining that it is possible to solve the theory via bootstrap-
ping [1–6]. It is interesting to ask if these ideas work for symmetries other than conformal
symmetry. Recently a bootstrap for BMS symmetry (or Galileo conformal symmetry) was
initiated [7, 8]. In this paper, we will focus on another infinitely dimensional symmetry
named the warped conformal symmetry, with a Warped Conformal Algebra (WCA) con-
taining one Virasoro algebra plus one U(1) Kac-Moody algebra.
From a purely field theoretical perspective, it was pointed out in [9] that a two dimen-
sional quantum field theory with two global translational symmetries and a chiral global
scaling symmetry have an extended local algebra. In contrast to the story with Lorentian
symmetry and scaling symmetry [10], there are two minimal options for this algebra. One
is two copies of the Virasoro algebra and the other is a WCA. A field theory with the later
choice is called the Warped Conformal Field Theory (WCFT) [11]. See [11] for a discus-
sion about the representations and a warped Cardy formula, [12] for a bosonic example of
WCFT, [13, 14] for Fermionic models, and [15, 16] for Entanglement entropy.
In this paper, we discuss the correlation functions of primary operators in WCFT. The
form of the two and three point functions are determined by the global warped conformal
symmetry while the four point functions can be determined up to an arbitrary function of
the cross ratio. We will construct the warped conformal bootstrap equation by formulating
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the notion of crossing symmetry as in [3]. In the large central charge [17, 18] and large Kac-
Moody level limit, the four point functions can be decomposed into global warped conformal
blocks, which can be calculated by solving the Casimir equations [19–21]. As a consistency
check, these results can be applied to twist operators. Using Ward identities, the conformal
dimension and U(1) charge of twist fields are calculated, from which the Re´nyi entropy for
an arbitrary single interval is obtained and confirms the results of [15, 16].
From a holographic perspective, WCFT originated from the search for holographic
dual to a class of geometries with SL(2, R) × U(1) isometry, including warped AdS3 (
WAdS) [22] and the near horizon of extremal Kerr( NHEK) [23, 24]. Under Dirichlet-
Neumann boundary conditions [25], holographic dual for asymptotically WAdS spacetime
will fulfils the warped conformal symmetry. Such boundary conditions can also be im-
posed to AdS3 [26], suggesting the possibility of WCFT as an alternative holographic dual
to AdS3, i.e., AdS3/WCFT. The evidence of the WAdS/WCFT conjecture comes from
the matching of the WAdS black hole entropy and the microscopic entropy given by a
Cardy-like formula [11]. A bulk calculation of the entanglement entropy in the contexts
of AdS3/WCFT and WAdS/WCFT has been worked out in [16], using a generalization of
the Rindler method [27]. However, a matching between a bulk scattering problem and a
retarded Green’s function, analogous to [28], is still missing.
In this paper, we provide a prescription on how the dictionary of WAdS/WCFT should
work for correlation functions. The main point is that the momentum conjugate to the U(1)
isometry, which is promoted to a current algebra at the boundary, should be understood as
a charge. An operator with fixed charge correspond to a field with fixed momentum. With
this prescription, the retarded Green’s function with fixed momentum calculated in WAdS
matches the thermal two point function of an operator with fixed charge in WCFT.
The layout of the paper is the following. In section 2, correlation functions will be
discussed. The warped conformal bootstrap equation based on the crossing symmetry will
be given. In section 3, thermal correlators will be discussed. In section 4, we revisit the
calculation of the Re´nyi entropy for a single interval in WCFT. In section 5, we reinterpret
scattering problem in WAdS as retarded Green’s functions in WCFT.
2 Correlation Functions from Warped CFT
2.1 The Warped Conformal Symmetry
A warped conformal field theory is characterized by the warped conformal symmetry. The
global symmetries are SL(2, R) × U(1), while the local symmetry algebra is a Virasoro
algebra plus a U(1) Kac-Moody algebra. In position space, a general warped conformal
symmetry transformation can be written as
x′ = f(x), y′ = y + g(x) , (2.1)
where f(x) and g(x) are two arbitrary functions.
Consider a WCFT on a plane. Infinitesimally, the warped conformal symmetry are
generated by a set of vector fields,
Ln = −xn+1∂x, Pn = ixn∂y . (2.2)
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These vector fields form a Virasoro-Kac-Moody algebra,
[Ln, Lm] =(n−m)Ln+m ,
[Ln, Pm] =−mPn+m ,
[Pn, Pm] =0 . (2.3)
Global symmetry transformations are generated by L±1, L0 and P0, which form a SL(2, R)⊗
U(1) sub-algebra. In particular, scaling symmetry is generated by L0, and translation sym-
metries are generated by L−1 and P0.
Denote T (x) and P (x) as the Noether currents associated with translations along x
and y axis, respectively. There are infinitely many conserved charges [9, 11],
Ln = − i
2pi
∫
dxxn+1T (x), Pn = − 1
2pi
∫
dxxnP (x) . (2.4)
The commutation relations for the charges form a warped conformal algebra consists of one
Virasoro algebra and a Kac-Moody algebra,
[Ln,Lm] =(n−m)Ln+m + c
12
n(n2 − 1)δn,−m ,
[Ln,Pm] =−mPn+m ,
[Pn,Pm] =kn
2
δn,−m , (2.5)
where c is the central charge and k is the Kac-Moody level. The finite transformation
properties of the energy momentum tensor and Kac-Moody current are given by,
T ′(x′) =
(
∂x
∂x′
)2 (
T (x)− c
12
{x′, x}
)
+
∂x
∂x′
∂y
∂x′
P (x)− k
4
(
∂y
∂x′
)2
(2.6)
P ′(x′) =
∂x
∂x′
(
P (x) +
k
2
∂y′
∂x
)
, (2.7)
where
{x′, x} =
∂3x′
∂x3
∂x′
∂x
− 3
2
(
∂2x′
∂x2
∂x′
∂x
)2
. (2.8)
One can also construct the spectral flow invariant Virasoro generators,
Linvn = Ln −
1
k
( ∑
m≤−1
PmPn−m +
∑
m≥0
Pn−mPm
)
. (2.9)
One can check that Linvn commutate with the Kac-Moody generators, and form a Virasoro
algebra with conformal weight c− 1.
2.2 State Operator Correspondence
Following [9], we start with a field theory with global scaling symmetry x → λx and
translational symmetry x→ x+a, y → y+ b, and assume the existence of a complete basis
of local operators Φi(x, y) transform as
Φ′i(λx+ a, y + b) = λ
−∆iΦi(x, y) , (2.10)
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where ∆i is the scaling dimension of the operator Φi(x, y). Or equivalently, we can write
the infinitesimal transformations as
[L0,Φi(x, y)] = (x∂x + ∆i)Φi(x, y), (2.11)
[L−1,Φi(x, y)] = ∂xΦi(x, y), (2.12)
[P0,Φi(x, y)] = i∂yΦi(x, y) . (2.13)
With this setup, [9] argues that there are two minimal choices for the local symmetries, one
choice leads to two Virasoro algebras and the other leads to a warped conformal algebra
(2.5). Specializing to WCFT, since P0 commute with all the other generators, we can
furthermore require the basis to have definite P0 charge, namely,
[P0,Φi(x, y)] = −QiΦi(x, y) . (2.14)
In fact, due to equations (2.13) and (2.14), the y dependence in the local operator Φi(x, y)
is determined, i.e., Φi(x, y) = eiQiyΦi(x), where Φi(x) is only a function of x. Indeed, such
property determines the y part of all correlation functions as we will see in the following.
Similarly to CFT story, we define primary operators by their transformation rules,
O′(x′, y′) =
(
∂x′
∂x
)−∆
O(x, y) . (2.15)
where ∆ is the scaling dimension of the primary operator O(x, y). The infinitesimal version
is,
[Ln,O(x, y)] =[xn+1∂x + (n+ 1)xn∆]O(x, y) , (2.16)
[Pn,O(x, y)] =ixn∂yO(x, y) (2.17)
=− xnQO(x, y) , (2.18)
where the last line is due to the fact that we are choosing a basis with definite P0 charge
Q (2.14).
To discuss state operator correspondence, we consider a complex mapping between
plane and cylinder 1
x = e−i(t−φ) = etE+iφ , y = φ+ γ(t− φ) , (2.19)
where t is interpreted as Lorentzian time, φ ∼ φ + 2pi as a spatial circle, tE → −it as a
Euclidean time. γ is a spectral flow parameter, and leads to different interpretations of the
U(1) direction. The meaning of this complex mapping and analytic continuation is that
the Lorentzian cylinder parameterized by t, φ is capped off at t = 0 by a Euclidean disk. A
radial quantization can be performed on the complex plane, and the states are glued it to
states on the cylinder. Having an initial state at very early Euclidean time corresponding to
insert an operator at x = 0, and vice versa. Using translational symmetry, we can further
1More discussions about the representation and the complex mapping can be found in section 2 of both
[11] and [14]
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put the operator at y = 0. In particular, a primary operator with weight ∆ and charge Q
at x = 0 defines a state,
O(0, 0) ∼ |∆, Q〉 . (2.20)
Using (2.16), (2.17), we have,
L0|∆, Q〉 = ∆|∆, Q〉, P0|∆, Q〉 = −Q|∆, Q〉, (2.21)
Ln|∆, Q〉 = 0, Pn|∆, Q〉 = 0, ∀n > 0 , (2.22)
which is just the definition of primary states discussed in [11, 26], but now rewritten on
the plane. In particular, the unit operator corresponds to the SL(2, R) × U(1) invariant
vacuum. Similarly, the descendent operators also correspond to descendent states. In
general, vacuum charges on the cylinder will be non-zero due to the central charge and the
spectral flow.
So far we have shown that given a definition of a complete basis of operators, we can
find a complete basis of states. As a consistency check, we can reverse the process. A
complete basis of states defines a set of operators at the origin. Primary states corresponds
to an operator at origin with,
[L0,O(0, 0)] = ∆O, [P0,O(0, 0)] = −QO(0, 0), [Ln,O(0, 0)] = 0, [Pn,O(0, 0)] = 0, ∀n > 0 .
(2.23)
If we define local operator by
O(x, y) = U−1O(0, 0)U, where U = e−xL−1−iyP0 . (2.24)
Using the commutation relations (see appendix A), one can show that this operator indeed
satisfy the transformation rule (2.16)-(2.18).
It is easy to check that the primary state |∆, Q〉 is also a primary state under Linvn and
Pn,
Linv0 |∆, Q〉 = ∆inv|∆, Q〉, P0|∆, Q〉 = −Q|∆, Q〉 , (2.25)
Linvn |∆, Q〉 = 0, Pn|∆, Q〉 = 0, ∀n > 0 . (2.26)
(2.27)
where the conformal weight is
∆inv = ∆− Q
2
k
. (2.28)
Since the spectral flow invariant Virasoro Linvn and Pn commute, sometimes it is more
convenient to label states using the eigenvalues ∆inv and Q, and define the descendants
using the basis,
|O{ ~N, ~M}〉 ≡ (Linv−1 )N1 (Linv−2 )N2 ...PM1−1 PM2−2 ...|∆, Q〉 . (2.29)
The spectral invariant conformal weight and charge for such a descendant state are,
Linv0 |O{ ~N, ~M}〉 =
(
∆inv +
∑
n>0
nNn
)
|O{ ~N, ~M}〉, (2.30)
P0|O{ ~N, ~M}〉 = −Q|O{ ~N, ~M}〉 . (2.31)
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2.3 Two point functions
The two point functions can be fixed by the global symmetries that generated by L0,±1 and
P0. Results for two point functions were first derived in a slightly different way in [15].
Here in this subsection, we rederive it and meanwhile lay out a basis for three and four
point functions. Consider two primary operators O1(x1, y1) and O2(x2, y2) with conformal
weights and charges (∆1, Q1) and (∆2, Q2) respectively. The two point function is defined
as,
G(2)(x1, x2, y1, y2) = 〈0|TO1(x1, y1)O2(x2, y2)|0〉 , (2.32)
where T stands for time ordering. Throughout this paper, we will always assume x1 > x2.
Since the vacuum state |0〉 is SL(2, R)×U(1) invariant, the two point function is invariant
under the action of L0,±1 and P0. The action of the SL(2, R) part, i.e., L0,±1 fix the x
dependence of the two point function,
G(2)(x1, x2, y1, y2) = f(y1, y2)δ∆1,∆2
1
(x1 − x2)2∆1 , (2.33)
where f(y1, y2) is an arbitrary function of y1 and y2. The action of P0, i.e., (2.18) leads to
the charge conservation condition,
〈0|[P0, G(2)]|0〉 = 0⇒ Q1 +Q2 = 0 . (2.34)
and the right hand sides of (2.17) and (2.18) implies
(∂y − iQ)O(x, y) = 0
⇒(∂yj − iQj)G(2)(x1, x2, y1, y2) = 0, j = 1, 2
⇒G(2)(x1, x2, y1, y2) = C(2)δ∆1,∆2eiQ1y1+iQ2y2
1
(x1 − x2)2∆1 , (2.35)
where C(2) is an arbitrary constant. To wrap up, the normalized two point function of the
WCA reads,
G(2)(x1, x2, y1, y2) = δ∆1,∆2δQ1,−Q2e
iQ1(y1−y2) 1
(x1 − x2)2∆1 . (2.36)
The two point correlator is non-zero only when the scaling dimensions are identical and the
charges add up to zero.
According to (2.15), under finite transformations (2.1), the two point function for the
primary operator transforms as,
G′(2)(x′1, x
′
2, y
′
1, y
′
2) =
(
∂x′1
∂x1
)−∆1 (∂x′2
∂x2
)−∆2
G(2)(x1, x2, y1, y2) . (2.37)
In particular, we can perform a spectral flow x′ = x, y′ = y − qx. Then the vacuum after
the spectral flow is still annihilated by the original SL(2, R)× U(1) generators, which can
be rewritten in the new coordinates,
Ln = −x′n+1(∂′x − q∂′y), Pn = ix′n∂′y . (2.38)
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The two point function is then
G′(2)(x′1, x
′
2, y
′
1, y
′
2) = δ∆1,∆2δQ1,−Q2e
iQ1(y′1−y′2−q(x′1−x′2)) 1
(x′1 − x′2)2∆1
. (2.39)
This agrees with the Eq.(3.46) of [15], with a choice of q which will be determined later.
In fact, the results in (x, y) system should be understood as the spectral flow invariant
expressions. Results in other frame can be obtained by a spectral flow.
2.4 Three point functions
By the same token of symmetry analysis, one can construct three point function for primary
operators Oi(∆ = ∆i, Q = Qi), i = 1, 2, 3. The three point function is defined as,
G(3)(x1, x2, x3, y1, y2, y3) = 〈0|TO1(x1, y1)O2(x2, y2)O3(x3, y3)|0〉 . (2.40)
The action of the SL(2, R) global symmetry requires that the x dependence of the three
point function should be,
G(3) = f(y1, y2, y3)
1
x∆1+∆2−∆312 x
∆3+∆1−∆2
31 x
∆2+∆3−∆1
23
, (2.41)
where xij = xi−xj , f(y1, y2, y3) is an arbitrary function of y1, y2, and y3. The action of P0
leads to the charge conservation condition for the three point function, Q1 +Q2 +Q3 = 0.
More symmetrically, the three point function of the WCA can be written as,
G(3) = C(3)δQ1+Q2+Q3,0
e
i
3
(Q1−Q2)y12
x∆1+∆2−∆312
e
i
3
(Q3−Q1)y31
x∆3+∆1−∆231
e
i
3
(Q2−Q3)y23
x∆2+∆3−∆123
= C(3)δQ1+Q2+Q3,0
x
2Q1Q2
k
12 e
i
3
(Q1−Q2)y12
x
∆inv1 +∆
inv
2 −∆inv3
12
x
2Q3Q1
k
31 e
i
3
(Q3−Q1)y31
x
∆inv3 +∆
inv
1 −∆inv2
31
x
2Q2Q3
k
23 e
i
3
(Q2−Q3)y23
x
∆inv2 +∆
inv
3 −∆inv1
23
,
(2.42)
where yij = yi = yj , and C(3) is an arbitrary constant. Once the two point function is
normalized as in Eq. (2.36), the constant C(3) equals to the OPE coefficient CO1O2O3 .
We can also consider the three point function of two operators and a Virasoro descen-
dent,
〈∆, Q|Linvn O2(x, y2)O3(0, y3)〉
= 〈∆, Q|Ln − 1
k
(
P0Pn + P1Pn−1 + · · · Pn−1P1 + PnP0
)
O2(x, y2)O3(0, y3)〉
= 〈∆, Q|
(
∆inv2 (n+ 1)x
n + xn+1∂x − 2Q2Q3
k
xn
)
O2(x, y2)O3(0, y3)〉
= x2Q2Q3/k[〈∆, Q|LnO2(x, y2)O3(0, y3)〉]∆i→∆invi . (2.43)
One can show that descendants with multiple Linvn leads to a similar result with a universal
pre-factor independent of conformal weights. Since the spetral flow invariant Virasoro and
Kac-Moody generators commute, the action of Linvn and Pm factors.
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2.5 Four point functions and warped conformal bootstrap
Like in CFTs, the four point functions in warped conformal field theory are not completely
determined by the global subgroup {L0,±1,P0}. They depend on arbitrary functions of the
cross ratio x given by,
x =
x12x34
x13x24
, (2.44)
This cross ratio is invariant under the global generators {L0,±1, P0} defined in (2.2). The
global symmetry requires that the four point function takes the form,
〈
4∏
j=1
Oj(xj , yj)〉 =
∏
j<k
e
i
4
(Qj−Qk)yjk
(x24
x14
)∆1−∆2 (x14
x13
)∆3−∆4 G(x)
x∆1+∆212 x
∆3+∆4
34
,
(2.45)
where ∆i and Qi are conformal weights and charges for the primary operators Oi, and G(x)
is an undetermined function of x. The action of P0 on the four point function followed by
(2.18) leads to the charge conservation condition, i.e.,
∑4
i=1Qi = 0.
A complete basis of states can be decomposed into primary states and their warped
conformal descendants. By operator state correspondence, a complete basis of operators
can also be decomposed similarly. By inserting a complete basis, four point functions can
be decomposed as a sum over conformal partial waves,
〈
4∏
j=1
Oj(xj , yj)〉 =
∑
O
C12OCO34W
∆,Q(xi, yi) . (2.46)
Warped conformal partial waves are defined as,
W∆,Q(xi, yi) =
1
C12OCO34
〈O1(x1, y1)O2(x2, y2)
( ∑
~N, ~M
|O{ ~N, ~M}〉〈O{ ~N, ~M}|
N ~N, ~M
)
O3(x3, y3)O4(x4, y4)〉 ,
(2.47)
where O is a primary of dimension ∆ and charge Q, |O{ ~N, ~M}〉 stands for all Virasoro-
Kac-Moody descendant states (2.29) with normalization N ~N, ~M , and C12O and CO34 are the
OPE coefficients. Accordingly, the function G(x) can be decomposed into warped conformal
blocks A∆,Q(x) [1, 2],
G(x) =
∑
O
C12OCO34A
∆,Q(x) . (2.48)
where the warped conformal block is related to the warped conformal partial wave by,
W∆,Q(xi, yi) ≡
∏
j<k
e
i
4
(Qj−Qk)yjk
(x24
x14
)∆1−∆2 (x14
x13
)∆3−∆4 A∆,Q(x)
x∆1+∆212 x
∆3+∆4
34
. (2.49)
We recognize that the warped conformal block is just the Virasoro-Kac-Moody block dis-
cussed in [18]. Due to the global warped conformal symmetry, we can do a coordinate
transformation to sit the four points at,
{(x1, y1), (x2, y2), (x3, y3), (x4, y4)} → {(∞, 0), (1, y2), (x, y), (0, y4)} . (2.50)
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and define
G2134(x) ≡ lim
x1→∞,y1→0
ei(Q2y2+Q3y+Q4y4)x2∆11 〈O1(x1, y1)O2(1, y2)O3(x, y)O4(0, y4)〉 . (2.51)
Note that G2134(x) is a function of the cross ratio x which can be directly decomposed into
conformal blocks as (2.48). The four point function is invariant under the ordering of
operators inside. Similarly, we can also define,
G4132(x) ≡ lim
x1→∞,y1→0
ei(Q2y4+Q3y+Q4y2)x2∆11 〈O1(x1, y1)O4(1, y2)O3(x, y)O2(0, y4)〉 . (2.52)
The crossing symmetry from exchanging points 2 and 4 is given by the following equation,
G2134(x) = G
41
32(1− x) . (2.53)
Using the OPE between O3 and O4, we can decompose G2134(x) in (2.51) into conformal
blocks A2134,O(x),
G2134(x) =
∑
O
C12OCO34A
21
34,O(x) . (2.54)
Similarly, we can also decompose G4132(x) in (2.52) into conformal blocks A4132,O(x) by im-
posing OPE between O3 and O2,
G4132(x) =
∑
O
C14OCO32A
41
32,O(x) . (2.55)
Then,the bootstrap equation for the warped conformal field theory resulting from the cross-
ing symmetry (2.53) is given by,∑
O
C12OCO34A
21
34,O(x) =
∑
O
C14OCO32A
41
32,O(1− x) . (2.56)
Once we have the closed form expressions of the conformal blocks we can solve the bootstrap
equation (2.56) to find all possible consistent warped conformal invariant theories.
The full warped conformal block is the Virasoro-Kac-Moody block. As was argued
by [18], it is more convenient to label the basis using spectral flow invariant generators
(2.29). For the block with weight ∆ and charge Q = −Q1 − Q2, using (2.43), the warped
conformal block factorizes as a product of a Virasoro block and a U(1) block,
A∆,Q(x) = V(c− 1,∆invi ,∆inv, x)VP (k,Qi, x) , (2.57)
where VP (k,Qi, x) is the Kac-Moody block, and V(c−1,∆invi ,∆inv, x) is the Virasoro block
with central charge c → c − 1, external operators ∆i → ∆invi and intermediate primary
operator ∆→ ∆inv.
Similar to the discussion for holographic CFTs [17, 18], the large c limit of WCFT is
also relevant for holography. At large c, the Virasoro block becomes SL(2,R) block [29, 30].
Taking into account the total charge conservation
∑4
i=1Qi = 0, the warped conformal block
A∆,Q(x) at large c is,
A∆,Q(x) = δ∑4
i=1Qi,0
δQ1+Q2,−Q x
∆inv (2.58)
×2F1(∆inv −∆inv1 + ∆inv2 ,∆inv + ∆inv3 −∆inv4 , 2∆inv;x)VP (k,Qi, x) .
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3 Thermal correlators
Finite temperature results can be obtained from a warped conformal mapping,
x = x′ = e
2piX
β , y = y′ + qx′ = Y + q¯X . (3.1)
where (x′, y′) are coordinates with spectral flow parameter q, (X,Y ) stands for the finite
temperature coordinates, β is the inverse temperature along X, and q¯ is a constant which
is related to the thermal identification along Y . The warped conformal generators (2.2)
on the original plane can be rewritten as (2.38), and furthermore rewritten in the finite
temperature coordinates,
Ln = − β
2pi
e
2pinX
β (∂X − q¯∂Y ), Pn = ie2pin
X
β ∂Y . (3.2)
At finite temperature, two point correlator for two identical primary operators O(X,Y ) and
O(0, 0) with conformal dimension ∆ and charge Q can be obtained from the transformation
rule (2.37) applying on the zero temperature result (2.36),
G(X,Y ) = 〈O(X,Y )O(0, 0)〉 ∼ (−1)∆eiQ(Y+q¯X)
(
β
pi
sinh
piX
β
)−2∆
, (3.3)
In momentum space, the retarded Green’s functions are related to the two point functions
(3.3) by a Fourier transformation. In order to perform the Fourier transformation on
(3.3), we shall consider the “Euclidean” version of the correlator GE by Wick rotating
the coordinate X, i.e., X = iXE , namely, GE(XE , Y ) = G(iXE , Y ). XE has period β and
the momentum space Euclidean correlator is given by,
GE(ωE) =
∫ β
0
dXEe
−iωEXEGE(XE , Y ) , (3.4)
where ωE is the Euclidean momentum and it is related to the real momentum ω conjugates
to X through ω = −iωE . The above integral is divergent but can be defined by analytic
continuation [31],
GE(ωE) ∼ β1−2∆ei
β(ωE−iQq¯)
2 Γ
(
∆ +
β(ωE − iQq¯)
2pi
)
Γ
(
∆− β(ωE − iQq¯)
2pi
)
. (3.5)
Note that, at finite temperature, ωE takes discrete values of the Matsubara frequencies,
ωE =
2pim
β
, (3.6)
wherem is integer for bosonic modes and half integer for fermionic modes. We can find that
for both integer and half integer m, the momentum dependence in the Euclidean correlator
only comes from the Gamma functions,
GE(ωE) ∼ β1−2∆ e
Qq¯β
2
sin
(
pi∆− iQq¯β2
) Γ
(
∆− β(ωE−iQq¯)2pi
)
Γ
(
1−∆− β(ωE−iQq¯)2pi
) . (3.7)
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The retarded Green’s function GR(ω) is then obtained from analytic continuation from the
Euclidean correlator GE(ωE), i.e.,
GR(iωE) = GE(ωE), ωE > 0 . (3.8)
More explicitly, the retarded Green’s function for the primary operator in WCFT takes the
form,
GR(ω) ∼ β1−2∆ e
Qq¯β
2
sin
(
pi∆− iQq¯β2
) Γ
(
∆ + iω+Qq¯2pi/β
)
Γ
(
1−∆ + iω+Qq¯2pi/β
) . (3.9)
4 Twist Field and Re´nyi Entropy
In a CFT, the two point function of twist operators can be used to calculate entanglement
entropy and Re´nyi entropy [32, 33]. This idea has been extended to GCFTs [34, 35] and
WCFTs [15, 16]. As a consistent check, here in this section we revisit the calculation of
Re´nyi entropy for WCFTs using the previously derived two point functions, and find that
it is consistent with the result obtained in [16]. Comparing to [15], there is an additional
parameter α. We will comment on this in more details around Eq. (4.27).
More precisely, for two dimensional field theories with sufficiently constraining sym-
metries, such as CFTs, GCFTs, and WCFTs, the Re´nyi entropy for an interval D can be
written as,
Sn =
1
1− n log
tr(ρnD)
(trρD)n
=
1
1− n log
〈Φn(X1)Φ†n(X2)〉C
〈Φ1(X1)Φ†1(X2)〉nC
. (4.1)
Here in the first equality, the Re´nyi entropy is related to the nth power of the reduced
density matrix ρD for D. This can be realized as a path integral an a manifold Rn which
is made up of n decoupled copies of the original space R1. In the second equality, Φn is
the twist field inserted at the endpoints of the interval that enforce the replica boundary
conditions on a plane C. X1,2 are the endpoint coordinates of the interval D.
With the assumption that the twist operators are primary operators, the two point
function is fixed by the global symmetry, which depends on the conserved charges of Φn.
The charges can be further determined by noting that there are two different approaches
for evaluating the expectation values of an operator on Rn,
〈O(X(i))〉Rn =
〈O(X)Φn(X1)Φ†n(X2)〉C
〈Φn(X1)Φ†n(X2)〉C
, (4.2)
When O is a conserved current, the right hand side can be calculated by Ward identity, and
the left hand side can be calculated by the transformation rules or the Rindler method [15].
As to the WCFT, we have the U(1) Kac-Moody current instead of a anti-holomorphic
energy momentum tensor. The twist field thus is a charged field, and the Ward identities
for the holomorphic energy momentum tensor T (X) and the U(1) current P (X) help us to
find out the explicit expressions for the conformal dimension and charge of the twist field
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Φn(X,Y ). Let Y denote the classically U(1) preferred axis and X the quantum anomaly
selected axis with a scaling SL(2, R) symmetry. The field theory in general has a thermal
identification,
(X,Y ) ∼ (X + iβ, Y − iβ¯) . (4.3)
Consider an arbitrary inteval D,
D : (X,Y ) ∈
[(
−∆X
2
,−∆Y
2
)
,
(
∆X
2
,
∆Y
2
)]
, (4.4)
and the Rindler transformation [16],
tanh piXβ
tanh ∆Xpi2β
= tanh
piX˜
κ
, Y +
(
β¯
β
− α
β
)
X = Y˜ +
( κ¯
κ
− α
κ
)
X˜ . (4.5)
where α, κ, and κ¯ are arbitrary constants. The new coordinates (X˜, Y˜ ) covers a strip region
−∆X2 < X < ∆X2 . Under the Rindler transformation (4.5), the vectors ∂X˜ and ∂Y˜ should
be linear combinations of the generators of global warped conformal symmetry at finite
temperature [36]. From (4.5), we find that,
∂X˜ =
κ¯− α
κ
∂Y − β
κ
(
cosh 2piXβ − cosh pi∆Xβ
sinh pi∆Xβ
)(
∂X − β¯ − α
β
∂Y
)
,
(4.6)
∂Y˜ = ∂Y . (4.7)
It is clear to find that
q¯ =
β¯ − α
β
(4.8)
in order for ∂X˜ and ∂Y˜ to be in linear combinations of the global generators {L0,±1, P0}
given in (3.2).
The transformation (4.5) is a warped conformal transformation, and hence is im-
plemented by a unitary operator U . The reduced density matrix ρD on D is given by
ρD = UρHU †, where ρH denotes the thermal density matrix after the transformation and
H stands for the Rindler space. The expectation values of the energy momentum tensor
T (X) and U(1) Kac-Moody current P (X) can be calculated through the following formulas,
〈T (X(i))〉Rn =
tr(T (X)ρnD)
tr(ρnD)
=
tr(U †T (X)UρnH)
tr(ρnH)
, (4.9)
〈P (X(i))〉Rn =
tr(P (X)ρnD)
tr(ρnD)
=
tr(U †P (X)UρnH)
tr(ρnH)
. (4.10)
The finite transformation properties of T (2.6) and P (2.7) can be rewritten as
U †T (X)U =
(
∂X˜
∂X
)2 (
T (X˜)− c
12
{X, X˜}
)
+
∂X˜
∂X
∂Y˜
∂X
P (X˜)− k
4
(
∂Y˜
∂X
)2
, (4.11)
U †P (X)U =
(
∂X˜
∂X
)(
P (X˜) +
k
2
∂Y
∂X˜
)
. (4.12)
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The nth power of the thermal density matrix ρH is related to the partition function in
(X˜, Y˜ ) coordinate system,
tr(ρnH) = tra¯,a
(
e2piinθ¯P0e−2piinθL0
)
= Za¯|a(nθ¯|nθ) , (4.13)
where P0 and L0 are the zero-modes of the energy momentum tensor and Kac-Moody
current respectively, and the partition function Za¯|a(θ¯|θ) is defined on a torus with spatial
circle parameterized by (a¯, a) and thermal circle parameterized by (θ¯, θ),
(X˜, Y˜ ) ∼ (X˜ + 2pia, Y˜ − 2pia¯) ∼ (X˜ − 2piθ, Y˜ + 2piθ¯) . (4.14)
In reference [16], the partition function in (X˜, Y˜ ) system has been calculated by using the
coordinate transformation (4.5) and modular transformations,
Za¯|a(θ¯|θ) = exp
(
piikθ¯2a
2θ
− 2pii
(
aθ¯
θ
− a¯
)
Pvac0 +
2piia
θ
Lvac0
)
, (4.15)
where
2pia =
κζ
pi
, 2pia¯ =
κ¯− α
pi
ζ −∆T −∆X( β¯ − α
β
), 2piθ = −iκ, 2piθ¯ = −iκ¯ , (4.16)
k is the Kac-Moody level, Lvac0 and Pvac0 are the vacuum values of the zero-modes charges
L0 and P0 respectively, and ζ is related to the UV cut-off  in WCFT as,
ζ = log
(
β
pi
sinh
pi∆X
β
)
+O() . (4.17)
In a translational invariant state, the values of the currents are simply related to the zero
modes, i.e. L0 = −aT (X˜) and P0 = −aP (X˜). The expectation values of the currents in
(X˜, Y˜ ) coordinate system can be written as,
〈T (X˜(i))〉 = 1
2piian
∂
∂θ
logZa¯|a(nθ¯|nθ), 〈P (X˜(i))〉 = −
1
2piian
∂
∂θ¯
logZa¯|a(nθ¯|nθ) . (4.18)
Plugging the partition function (4.15) into the expectation values (4.18), and the transfor-
mation rules (4.11) and (4.12) into (4.9) and (4.10), we get the expectation values of T (X)
and P (X) on Rn.
On the other hand, according to (4.2) the expectation values of T (X) and P (X) can
also be obtained from the Ward identities,
〈T (X(i))〉Rn =
〈T (X)Φn(X1, Y1)Φ†n(X2, Y2)〉C
〈Φn(X1, Y1)Φ†n(X2, Y2)〉C
, 〈P (X(i))〉Rn =
〈P (X)Φn(X1, Y1)Φ†n(X2, Y2)〉C
〈Φn(X1, Y1)Φ†n(X2, Y2)〉C
,
(4.19)
Substituting the two point function for the twist operator Φn(X,Y ) with dimension ∆n
and charge Qn at finite temperature,
〈Φn(X1, Y1)Φ†n(X2, Y2)〉C ∼ eiQn
(
Y1−Y2+ β¯−αβ (X1−X2)
)(
β
pi
sinh
pi(X1 −X2)
β
)−2∆n
. (4.20)
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we get second expressions of the expectation values of T (X) and P (X) on Rn. Comparing
to the first expressions obtained from the Rindler transformation, we can find the explicit
expressions for ∆n and Qn.
We will do the explicit calculations in the zero temperature case, by taking the zero
temperature limit of (4.5), i.e. β¯ → ∞, β → ∞, with β¯/β fixed. This zero temperature
limit will in general lead to a plane with spectral flow parameter q = β¯−αβ . We should
use the (x′, y′) coordinates as in (2.38) and (3.1). With some abuse of notation, in this
subsection we will drop the prime, and use (x, y) instead. According to the argument below
Eq. (4.18), the expectation values of T (x) and P (x) on Rn can now be written down after
some algebras,
〈T (x(i))〉Rn =
∆x2(
x− ∆x2
)2 (
x+ ∆x2
)2 ( c24 + Lvac0n2 + iPvac0 α2npi − α2k16pi2
)
+
∆x(
x− ∆x2
) (
x+ ∆x2
) β¯
β
(
− iP
vac
0
n
+
kα
4pi
)
− k
4
β¯2
β2
, (4.21)
〈P (x(i))〉Rn =
∆x(
x− ∆x2
) (
x+ ∆x2
) (− iPvac0
n
+
kα
4pi
)
− k
2
β¯
β
. (4.22)
On the other hand, by using the Ward identities for the energy momentum tensor T (x) and
the U(1) current P (x) [37]
〈T (x)Φn(x1, y1)Φ†n(x2, y2)〉C
=
2∑
i=1
(
∆n/n
(x− xi)2 +
1/n
x− xi
∂
∂xi
+ 〈T (x)〉C
)
〈Φn(x1, y1)Φ†n(x2, y2)〉C , (4.23)
〈P (x)Φn(x1, y1)Φ†n(x2, y2)〉C
=
2∑
i=1
(
1/n
x− xi
∂
∂yi
+ 〈P (x)〉C
)
〈Φn(x1, y1)Φ†n(x2, y2)〉C (4.24)
in (4.19) and substituting the two point function (4.20) in the zero temperature limit, we
find that,
〈T (x(i))〉Rn =
∆x2(
x− ∆x2
)2 (
x+ ∆x2
)2 ∆nn + ∆x(x− ∆x2 ) (x+ ∆x2 ) β¯β iQnn + 〈T (x)〉C ,(4.25)
〈P (x(1))〉Rn =
∆x(
x− ∆x2
) (
x+ ∆x2
) iQn
n
+ 〈P (x)〉C . (4.26)
Comparing Eqs. (4.25) and (4.26) to that Eqs. (4.21) and (4.22), we get the expressions
for the conformal dimension and charge of the twist field,
4n = n
(
c
24
+
Lvac0
n2
+
iPvac0 α
2npi
− α
2k
16pi2
)
, Qn = n
(
−P
vac
0
n
− ikα
4pi
)
. (4.27)
In contrast to the result in [15], there is an additional α parameter. The value of α can
not be determined in field theory side without knowing more information of the WCFT.
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As stated in [16], α is proportional to the slop of the thermal identification after modular
transformation. Comparing to results in the literature, taking finite α is in fact the slow
rotating limit described in section 3.1 of [11]. In addition, we find that
〈T (x)〉C = −k
4
β¯2
β2
, 〈P (x)〉C = −k
2
β¯
β
. (4.28)
which is just the charges on the plane with a spectral flow parameter q = β¯−αβ at this
limit. Once we write the conformal dimension and charge of the twist field in terms of
the central charge c, level k, and vacuum values of the zero-modes charges L0 and P0, it
is straightforward to find out the Re´nyi entropy as a function of such constants and the
interval (4.4),
Sn =
1
1− n log
tr(ρnD)
(trρD)n
=
1
1− n log
〈Φn(x1, y1)Φ†n(x2, y2)〉C
〈Φ1(x1, y1)Φ†1(x2, y2)〉nC
= −iPvac0
(
∆y +
β¯
β
∆x
)
+
(
−α
pi
iPvac0 −
2(n+ 1)
n
Lvac0
)
log ∆x . (4.29)
This result matches the zero temperature limit of the Re´nyi entropy calculated in [16]. For
finite temperature, it is easy to check that this method also reproduce the result of [16].
5 Retarded Green’s Functions in WAdS/WCFT
From a historical perspective, the study of WCFT was, at least partially, inspired by the
study of holography for WAdS and Kerr spacetimes. With Dirichlet-Neumann boundary
conditions [25], WAdS is conjectured to be holographically dual to a WCFT [11]. With
Dirichlet boundary conditions [38], WAdS is conjectured [22] to be holographically dual
to a CFT. Evidence for WAdS/CFT include the microscopic interpretation of black hole
entropy [22], two point correlation functions [28, 39], and holographic entanglement en-
tropy [40]. Evidence for WAdS/WCFT include the microscopic interpretation of black hole
entropy [11], and holographic entanglement entropy [16]. In this section, we will revisit the
scattering problem in WAdS, and give a prescription for the retarded Green’s function in the
WAdS/WCFT correspondence. Similar prescription can be also applied to Kerr spacetime,
suggesting the possibility of Kerr has a holographic dual as WCFT.
Note that from the WCFT analysis, ∂Y is the generator of U(1). This suggest that
in WAdS, momentum along the Y direction should be viewed as a charge, and kept fixed.
This is the main difference from the WAdS/CFT story, where this momentum is viewed as
Fourier mode. Viewing momentum as a charge also provides a solution to the puzzle that
conformal dimension depends on momentum first encountered in [28].
The warped AdS geometry that we are considering is the black string solution of the
S-dual dipole truncation from type IIB supergravity [41]. The finite temperature warped
black string metric can be written in a coordinate system (X,Y, ρ) that is directly related
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to the boundary WCFT coordinates (X,Y ) as [16],
ds2 = `2
(
(T 2U (1 + Λ
2T 2V )− Λ2ρ2)dX2 + 2ρdX
(
dY
TV
+ dX
)
+ T 2V
(
dY
TV
+ dX
)2
+
(1 + Λ2T 2V )dρ
2
4(ρ2 − T 2UT 2V )
)
, (5.1)
where Λ stands for the warping parameter, ` is the AdS radius when Λ = 0, and TU and
TV are parameters that related to thermal identification. Under this background, we shall
consider a massive scalar perturbation Φ with mass m that satisfies the following equation
of motion,
(∇µ∇µ −m2)Φ = 0 . (5.2)
A general solution with fixed momentum along Y can be written as a Fourier transformation
along X direction,
ΦQ =
∫
dω ei(QY−ωX)φQ(ω, ρ) , (5.3)
where Q is held fixed. With this ansatz, the equation of motion of the scalar perturbation
Φ (5.2) reduces to a radial equation for the Fourier mode φQ(P, z),
d
dz
(
(z2 − 1
4
)
d
dz
φQ(ω, z)
)
+
(
k2+
4
(
z − 12
) − k2−
4
(
z + 12
) + ∆+∆−)φQ(ω, z) = 0 , (5.4)
where z = ρ/(2TUTV ), and
k+ =
−ω −Q (TV + TU )
2TU
, (5.5)
k− =
−ω −Q (TV − TU )
2TU
, (5.6)
∆± =
1
2
± 1
2
√
1 + (1 + Λ2T 2V )`
2m2 + Λ2T 2VQ
2 . (5.7)
The solution of (5.4) with only ingoing modes near horizon z = 1/2 can be written in the
form of hypergeometric function,
φQ(ω, z) =
(
z +
1
2
)−∆+ (z − 12
z + 12
)− ik+
2
× F
(
∆+ − i
(
k+
2
+
k−
2
)
,∆+ − i
(
k+
2
− k−
2
)
, 1− ik+;
z − 12
z + 12
)
. (5.8)
The asymptotic behavior of the above solution takes the form,
φQ(ω, z)|z→∞ ∼
φbQ(ω)
z∆−
− φ
b
Q(ω)
z∆+
Γ(2∆−)Γ
(
∆+ +
iQ
2
)
Γ(2∆+)Γ
(
∆− + iQ2
) Γ
(
∆+ +
i(ω+QTV )
2TU
)
Γ
(
∆− +
i(ω+QTV )
2TU
) , (5.9)
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where φbQ(ω) stands for the boundary field in momentum space. Then, the retarded Green’s
function for the scalar perturbation Φ in momentum space can be read of from the asymp-
totic form (5.9) [39, 42, 43],
GbkR ∼ −
Γ(2∆−)Γ
(
∆+ +
iQ
2
)
Γ(2∆+)Γ
(
∆− + iQ2
) Γ
(
∆+ +
i(ω+QTV )
2TU
)
Γ
(
∆− +
i(ω+QTV )
2TU
) , (5.10)
where ∼ stands for equaling up to a factor independent of ω and Q. (5.10) is the same
momentum result as in [28, 39]. To get to position space, if both ω and Q are integrated,
(5.10) leads to a retarded Green’s function of a two dimensional CFT [28, 39]. Here in
WCFT, Q is fixed in (5.3), and we only need to integrate ω when going back to position
space. We can absorb all ω independent factors into the normalization. In this sense, the
retarded Green’s function (5.10) can be rewritten as,
GbkR ∼
Γ
(
∆+ +
i(ω+QTV )
2TU
)
Γ
(
1−∆+ + i(ω+QTV )2TU
) , (5.11)
The above bulk result (5.11) matches the boundary retarded Green’s function (3.9) with
the dictionary [16],
∆+ = ∆, TU =
pi
β
, TV = q¯ . (5.12)
A Primary Representations
In this appendix, we rederive (2.17 ) and (2.18) by a different approach. We consider
primary representation of the warped conformal algebra at the origin. A primary operator
at (0, 0), with conformal dimension ∆ and charge Q can be defined as,
[Ln,O(0, 0)] = [Pn,O(0, 0)] = 0, n > 0 (A.1)
[L0,O(0, 0)] = ∆O(0, 0), [P0,O(0, 0)] = −QO(0, 0) . (A.2)
Local operators at arbitrary points can be introduced by unitary transformations, similar
to [44, 45],
O(x, y) = U−1O(0, 0)U, where U = e−xL−1−iyP0 . (A.3)
Now let us calculate the commutators [Ln,O(x, y)] and [Pn,O(x, y)] for any n ≥ 0,
[Ln,O(x, y)] =[Ln, U−1O(0, 0)U ]
=[Ln, U−1]O(0, 0)U + U−1O(0, 0)[Ln, U ] + U−1[Ln,O(0, 0)]U
=U−1[ULnU−1 − Ln,O(0, 0)]U + δn,0∆O(x, y) , (A.4)
[Pn,O(x, y)] =[Pn, U−1O(0, 0)U ]
=[Pn, U−1]O(0, 0)U + U−1O(0, 0)[Pn, U ] + U−1[Pn,O(0, 0)]U
=U−1[UPnU−1 − Pn,O(0, 0)]U − δn,0QO(x, y) . (A.5)
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Using the Baker-Campbell-Hausdorff formula and the warped conformal algebra (2.5), one
can show that,
ULnU−1 =
n+1∑
k=0
(n+ 1)!
(n+ 1− k)!k!x
kLn−k , (A.6)
UPnU−1 =
n∑
k=0
n!
(n− k)!k!x
kPn−k . (A.7)
According to the definition of the local operators (A.3), one can show that,
[L−1,O(x, y)] = ∂xO(x, y), [P0,O(x, y)] = i∂yO(x, y) . (A.8)
By using the above formulas and Eq. (2.23), we have
[Ln,O(x, y)] =[xn+1∂x + (n+ 1)xn∆]O(x, y) , (A.9)
[Pn,O(x, y)] =− xnQO(x, y) . (A.10)
Here we have used the fact that U commutes with L−1 and P0 and any function of x and
y.
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